Chaotic Optimization for
Quadratic Asssgnment Problems

Tohru Ikeguchi, Keiichi Satgd,
Mikio Hasegawd, and Kazuyuki Aihara

tohru@ics.saitama-u.ac.jp.

1 Saitama University,
> Communication Research Laboratory,
3 The University of Tokyo

ISCAS2002 — p.23



| ntroduction

Combinatorial Optimization Problems
Scheduling, Vehicle routing, Assignment problems,-etc

1

Almost impossible to obtain optimal solutim[

1

Develop effective algorithms, which offer very gapd
near optimum solutions in a reasonable time.

—

S
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Quadratic Asssignment Problem

One of the most difficult NP-hard combinatorial optimizatior
problems.

N N
F(P) =), ), Gidpopo)

i—1 -1

the (, J) th element of a flow matrixC

the (, J) th element of a distance matrix
pi . theith element of a permutation

the size of the problem

Find a permutatiomp, which provides the
minimum value of the objective functidn.
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Example of QAP

1. Assign 4 factories, X, Y, Z and W, to the four cities

2. The amounts of items between 4 factories
XY Z W Vancouver

X (0 4 3 5)
C_Y 4 0 6 3 Q
=713 6 0 4 4//\

| Wi s 3 4 O, 5 Kobe

3. Distance
S B V K 6\

S(0 2 8 3 Bankk\/ Q
~_B|2 0 4 6 \

V|8 4 0 5

k{3 6 5 0 Scottsdale
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Example of QAP

Vancouver
Assignment /@\
X Scottsdale 4 / 5 Kobe
Y Bankok @ \
Z Vancouver 6\@
W  Kobe BankohZ « ®
Scottsdale

F(p)=4-2+3-8+5-3+4-6+3-6+4-5=109
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Example of QAP

Assignment

X Scottsdale
Z Bankok

Y Vancouver
W Kobe

F(p)=4-2+3-8+5-
F(p,)=4-8+3-2+5-

Vancouver

(Z)
4 5

Kobe
& 6\\@

Bankol\

o

Scottsdale

3+4-6+3-6+4-5=109
3+6:-4+3-5+4-6=116
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Example of QAP

Vancouver
Assignment @
X Scottsdale 4 5 Kobe
Z Bankok ‘ \
Y Vancouver 6\@
W  Kobe BankohZ « ®
Scottsdale

F(p)=4-2+3-8+5-3+4-6+3:-6+4-5=109
F(p,)=4-8+3-2+5-3+6-4+3-5+4-6=116

F(p) < F(p)
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One of the conventional method

Approach based on the gradient dynamics of
mutual connection neural networks
(Hopfield — Tank neural network approach)

Good news

We can obtain good solutions (possibly optimum) if we
can decide connection weights with appropriate initial
conditions.
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Coding

Solving anN-size problemN x N neurons are prepared.

The (, m)-th neuron firing &m = 1) assigns theth
element to thg-th element.

O 0O0OOQ|w
OO 0O0O|w
O O 0O 0O|<
O OO O|R

= N < X

ISCAS2002 — p./23



Coding

Solving anN-size problemN x N neurons are prepared.

The (, m)-th neuron firing &m = 1) assigns theth
element to thg-th element.

S B V K
X112 0 0 O
YO 1 0 O
Z|0 O 1 O
wio o0 0 1

1 — Firing, 0 — Resting,.
X : Scottsdale, Y : Bankok, Z : Vancouver and W : Kobe.
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Coding

Solving anN-size problemN x N neurons are prepared.

The (, m)-th neuron firing &m = 1) assigns theth
element to thg-th element.

~ O O O|lwm
O OFr O|lm
O O O R(IL

R O O A

= N < X

0

1 — Firing, 0 — Resting,.
X : Vancouver, Y : Bankok, Z : Kobe and W : Scottsdale.
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Connection Weights

N N N N
F) = A (D Xm=1F+B) (D Xm~ 17
=1 m=1 m=1 i=1
N N N N
+ Cijdmnximxjn,
=1 m=1 j=1 n=1
1 N N N N N N
E(X) = 5 ZJ Wim; jnXimXjn + Z Z GimXim
=1 m=1 j=1 n=1 =1 m=1
Wimjn = —2{A(1 - 6m)dij + Bom(1 — 6ij) + Cijdmn}

A, B : positive constants);; : Kronecker’s delta
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One of the conventional method

Approach based on the gradient dynamics of
mutual connection neural networks
(Hopfield — Tank neural network approach)

Good news

We can obtain good solutions (possibly optimum) if we
can decide connection weights with appropriate initial
conditions.
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One of the conventional method

Approach based on the gradient dynamics of
mutual connection neural networks
(Hopfield — Tank neural network approach)

Good news

We can obtain good solutions (possibly optimum) if we
can decide connection weights with appropriate initial
conditions.

Bad news

1. Difficult to apply to large scale size problems
N-size problem— N? neurons— N* connections

2. Unfeasible solutions

3. Local minimum problem
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Chaos for combinatorial optimization
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Chaos for combinatorial optimization

Chaotic dynamics for escaping from local minima.
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Chaos for combinatorial optimization

Chaotic dynamics for escaping from local minima.

Fluctuation in a state space possibly leads to an optimt
solution.
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Chaos for combinatorial optimization

Chaotic dynamics for escaping from local minima.

Fluctuation in a state space possibly leads to an optimt
solution.

Mutual connection NN— CNN for TSPs
Nozawa,1992

Yamada et al, 1993
Chen & Ailhara, 1995
Ishil et al., 1997
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Chaos for combinatorial optimization

Chaotic dynamics for escaping from local minima.

Fluctuation in a state space possibly leads to an optimt
solution.

Mutual connection NN— CNN for TSPs
Nozawa,1992

Yamada et al, 1993
Chen & Ailhara, 1995
Ishil et al., 1997

CNN for QAPs
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Chaotic neur al networ k

Z

N

Yim(t + 1) =Kyim(t) + ) Z Wi jnXjn() = @ (im(t)) + @im

j=1 n=

Vim(t) : the internal state of the,{n) th neuron at
Wimin - the connection weight

f . output function,f(2) = 1/(1 + exp(=z/¢))

k : the decay parameters for the refractoriness
@,a,€ . parameters

ISCAS2002 — p.1P3



Use CNN to solve QAPs

N N N N
FO) = A (D Xm=1F+B ) (D Xm~ 17
=1 m=1 m=1 i=1
N N N N
+ ZJ ZJ ZJ ZJ C nXiijn,
i=1 m=1 j=1 n=1
Cijdmn
Wimjn = —2{A(1 - 6xmn)dij + Bomn(1 — 6ij) + q }

g : a normalization parameter
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yi1

Yi2

Yia Via

Yis

0.9

0.4

0.4

0.0

0.3

0.2

-0.5

Xi1

Xi2

Xi3

Xia X5
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yi1

Yi2

Yia Via

Yis

/0.9)
0.9

0.4

0.4

0.0

0.3

0.2

-0.5

Xi1

Xi2

Xi3

Xia X5

ISCAS2002 — p.123



Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Xi1

Xi2

Xi3

Xia X5

Yii Yi2 Yis Yia Vs
/03 o= C’L 9
0/4| 0.0f 0.2 04 0.1
0|3| 0.8] -0.7 O.:ly -0
0/2|-0.4 0.3 O.CL 0.1
-¢.5| 0.5 -0.1 0.7 -0.
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Xi1

Xi2

Xi3

Xia X5

0

0

Yii Yi2 Yis Yia Vs
/03 o= C’L 9
0/4| 0.0f 0.2 04 0.1
0|3| 0.8] -0.7 O':lf -0.2>
0/2|-0.4 0.3 O.CL 0.1
-¢.5| 0.5 -0.1 0.7 -0.

Ol O | O O]k
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Definition of firing

Xi2 Xi3 Xa Xs

Xi1

Yis

Yia Via

Yi2

Yi1

E 5 5 5 5
X X X X 0%
o
o
o
o
—A|lo|lo|o| o
b — ﬁﬁ_ e —
hl|lo|R|Io|R

T T O
plo|lo|lo | O
dh TN [T [ -]
hloOo|P@R|o|R
qF o 00 4 5
dp /\ _

/o < | | |0

O[O [0 [O[<
E & & £ &
N N -
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yi1

Yi2

Yia Via

Yis

|

A

Xi1

Xi2

Xi3

Xia X5

L

.
(48 \J

9
A

C

.0

0

0

aqp

ol dlolo

Ol O | O O]k
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yi1

Yi2

Yia Via

Yis
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A

L

.
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C
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ol dlolo

Xi1 X2 X3 Xag Xgs
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yi1

Yi2

Yia Via

Yis

|

A

L

N
 \J

N_IT
\ W

9
A

C

.0

aqp

ol dlolo

Xi1 X2 X3 Xag Xgs
1 {010 0| O
0]0
O|1(0]0] O
010
0| O
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yiiz Yi2 Yiza VYia Yis
(0.9kgl4leal fha o
04| Q.0 0.2 #).Zr 0.1
oo 0.8+ ‘—'Lz—~r=‘é=2->
012]-0.4 Oq *).CL 0.1
e O)’ ol

Xi1 X2 X3 Xag Xgs
1 {010 0| O
0]0
O|1(0]0] O
010
0| O
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yiiz Yi2 Yiza VYia Yis
(0.9kgl4leal fha o
04| Q.0 0.2 #).Zr 0.1
oo 0.8+ ‘—'Lz—~r=‘é=2->
012]-0.4 Oq *).CL 0.1
e O)’ ol

Xi1 X2 X3 Xag Xgs
1 {010 0| O
0]0 0
O|1(0]0] O
010 0
O] O0[0]1]O0
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yiin Yi2 Yiz Yia Yis
(0.9lglalaal bha oq
o4/ ol 02 .4 01
alal’o 8oz =—'L,—~r=%e->
02 4:.4@} 0.0 0.1
rsr5—e4 0.F—61

Xi1 X2 X3 Xag Xgs
1 {010 0| O
0]0 0
O|1(0]0] O
010 0
O] O0[0]1]O0
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m
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Yia Via

Yis
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Definition of firing

Xi2 Xi3 Xa Xs

Xi1

Yis

Yia Via

Yi2

Yi1

E & 5 § 5
X X X R %
o o @) o
O |lo|loOo|lo|d
O|lo|lol|ld]| o
olo|ld|lo | o
" |lo|lo|lo| o
o L

IMV. o AM ap | 9P

1 |qv N

M Ml . \M \.\Oj
qap [ N _,_W N T
T o
I [ S \87{ P
P LA

/oo < | qp | qu | 1P

/O\ (@) dp ab qpP
E & 5 5§
= X X X X
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yiir VYi2 VYis Yia VYis
/A alalal dlal b4 A
KO%%-W U J 7ay v as)
ol4| d.ol ¢.2 «).{@
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Definition of firing

Yim
Yom
Y3m
Yam
Y5m

Yiir VYi2 VYis Yia VYis
/A alalal dlal b4 A
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Definition of firing

Yim
Yom
Y3m
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Definition of firing

Yiir VYi2 VYiz VYia VYis Xi1 Xi2 X3 Xia Xgs

Yim [0.9}el4gka b2 o5 @ olo| o] 0lxnm

Yom| Q|4 0.0] (.2 t).{@ O(0[0]|O0 @sz

Yam =575 0.8 *)JL'TT:'_Q_E_) 0 @ O] O] O |Xm

Yam Fe2—= 0. CL o 0 O@ O | O | X4m

Yom =erS—rs—ib= O/ 1 | 0O 0[O @ O | Xsm
This coding scheme always offers feasible solutions.

l

Higher solvable performance
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Benchmark problems

From QAPLIB
(URL: http://www.opt.math.tu-graz.ac.at/gaplib/)

1. Nug
N=1214 15 16,17,20,21 22 24,25,27,30
2. Had
N=1214 16,18, 20
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Chaotic Dynamics and Solvable Perfor mance

We evaluate the solvable performance on benchmark
problems by calculating

1. Lyapunov dimension

2. sum of positive Lyapunov exponents

3. the number of positive Lyapunov exponents
for 1,000 parameter sets, k).

3<ax<808<k<«1

A=B=05ad=101e=0.02
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Estimating Lyapunov Exponents

y(t+1) = F(y(t))
y(t+1)+Ay(t+1) = F(y(t) + Ay(t))
Ay(t+1) = DF(y(t)Ay(t)

DF(y(t)) : Jacobian matrix aj(t)

[ ya(t)
y12(t) :
y(t) =| yis(t) |e RN

L Ynn(t)



QR decomposition

DF(y(0)) = QiR:
DF(y(1))Q; = QRc
DF(y2)Q, = QiRs

DF(y(1)Q; = QuiRin

= lim — Z log|R]

N—oo [}

whereR!' is thei-th diagonal element dR;.



Lyapunov dimension
Lyapunov dimension

J

Z/ii K

DL =j+ 1,J—ml§1x{;/l.>0}

]+
# of positive Lyapunov exponents
A1 > 2> Ap>0> Apig > -+ - An2

Sum of positive Lyapunov exponerfis
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Results for Nugl2 (578)
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Results for Nugl6 (1240)

Probability(%)
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How to find a good parameter set?



How to find a good parameter set?

1. Robust application for

different type problem‘s larger size problems
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How to find a good parameter set?

1. Robust application for

different type problem‘s larger size problems

l
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How to find a good parameter set?

1. Robust application for

different type problem‘s larger size problems

l

2 Firing rateskr of CNN that solves an N-size problem
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How to find a good parameter set?

1. Robust application for

different type problem‘s larger size problems

l

2 Firing rateskr of CNN that solves an N-size problem

1 N
N N2

Fs
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How to find a good parameter set?

1. Robust application for

different type problem‘s larger size problems

l

2 Firing rateskr of CNN that solves an N-size problem
1 N
N N2

_ F
the relation betweeN andF—R
B

Fs
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N vs FR/FB

19r B 19+ B
1-8;%/%FWHNMK 1.8%%/* 0 %/%K
1.8+ B 1.8+ B
m m
u u
4 04
LL LL
18 20 . 22 24 26 28 30 12 13 14 15 1? 17
The Size N The size N

Good solutions are obtained whep ~ 1.85Fg

'

Possibility to set good parameter values of CNN by
observing firing rates
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Conclusions
CNN is applied for solving QAP#.
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Conclusions
CNN Is applied for solving QAP#.

1. Evaluate chaotic dynamics and solvable performance

( D, small
P=> 1,4 >0 small

high performance— - :
\ S = Z Aj small
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Conclusions
CNN Is applied for solving QAP#.
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( D, small
P=> 1,4 >0 small

high performance— - :
\ S = Z A small

—> “Shy” searche CNN for Assoclative memories
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Conclusions

CNN Is applied for solving QAP#.

1. Evaluate chaotic dynamics and solvable performance

high performance— -

( D, small
P=> 1,4 >0 small

p
\ S = Z A small

—> “Shy” searche CNN for Assoclative memories

2. How to set parameters of
(a) Observe the firing raté

CNN for robust applications?

R

(b) Set parameters &k ~ 1.85/N
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